An attractor of a piecewise-smooth continuous system of differential equations can bifurcate from a stable equilibrium to a more complicated invariant set when it collides with a switching manifold under parameter variation. Here numerical evidence is provided to show that this invariant set can be chaotic. The transition occurs locally (in a neighbourhood of a point) and instantaneously (for a single critical parameter value). This phenomenon is illustrated for the normal form of a boundary equilibrium bifurcation in three dimensions using parameter values adapted from of a piecewise-linear model of a chaotic electrical circuit. The variation of a secondary parameter reveals a period-doubling cascade to chaos with windows of periodicity. The dynamics is well approximated by a one-dimensional unimodal map which explains this bifurcation structure. The robustness of the attractor is also investigated by studying the influence of nonlinear terms.
Introduction
Piecewise-smooth (PWS) systems of differential equations are used in diverse areas to model phenomena involving abrupt events or fast transitions. Boundaries of regions where a PWS system takes a particular smooth functional form are called switching manifolds. On these manifolds the differential equations may be discontinuous. In this case orbits may slide along the manifolds in a manner formulated by Filippov [1] . This Letter concerns PWS systems that are instead continuous on switching manifolds. Such systems provide useful models of electrical circuits [2, 3] , neuronal systems [4, 5] , and other biological systems [6, 7] , for example.
As the parameters of a PWS system are varied, an equilibrium can collide with a switching manifold. This is referred to as a boundary equilibrium bifurcation (BEB). BEBs are inherently A schematic bifurcation diagram of a supercritical Hopf-like BEB in a PWS continuous system. As a parameter µ is increased through 0, an equilibrium crosses a switching manifold (x = 0). Here the equilibrium loses stability (it is shown with a solid [dashed] line where it is stable [unstable] ) and a stable periodic orbit is created (its minimum and maximum x-values are plotted). Three representative phase portraits are also shown.
local: one or more invariant sets grow out of a point. However, in some instances the bifurcation induces a global change in the alignment of separatrices effecting a global bifurcation, an example is the so-called canard super-explosion [8] . For PWS discontinuous systems, BEBs admit many possible geometric configurations and until recently such bifurcations resisted classification for systems of only two dimensions [9, 10, 11] . For PWS continuous systems, as an equilibrium crosses the switching manifold its associated eigenvalues change discontinuously (and so it is sometimes called a discontinuous bifurcation). One or more invariant sets may be created locally in the bifurcation. All of these grow asymptotically linearly with respect to parameter change. Some BEBs of PWS continuous systems mimic classical bifurcations, such as Hopf bifurcations [12, 13] , see Fig. 1 . Others have no smooth analogue, such as the simultaneous creation of two equilibria and one periodic orbit [14, 15] .
For two-dimensional PWS continuous systems there are five types of non-degenerate BEBs (this includes the case of an equilibrium crossing the switching manifold without a change in stability or other invariant sets being created) [16, 17] . No such classification is currently available in higher dimensions. Recent studies of three-dimensional systems have revealed that the creation of periodic orbits is typically governed by the nature of the dynamics on invariant cones [18, 19] .
BEBs can be analysed from a piecewise series expansion of the differential equations centred about the bifurcation. Truncating the expansion to leading order generates a piecewise-linear (PWL) system with two pieces. This PWL approximation captures all structurally stable invariant sets created in the BEB.
Many authors have described chaotic dynamics in three-dimensional PWL continuous systems. The most well-known example is probably Chua's circuit [20, 21] , but here the system has three pieces and so does not apply to BEBs. The circuit system of Carroll [22, 23] exhibits a chaotic Rossler-like attractor and is well modelled using only two pieces. Shilnikov homoclinic chaos was described for a two-piece PWL continuous system by Sparrow in [24] .
The purpose of this Letter is to show that the local and instantaneous transition from a stable equilibrium to a chaotic attractor is possible in codimension-one BEBs of PWS continuous systems. In §2 we describe the normal form for a BEB in three dimensions in the case that a stable focus equilibrium exists on one side of the bifurcation and a saddle focus equilibrium exists on the other side. In §3 we construct a two-dimensional return map to explain the complicated oscillatory dynamics on the side of the bifurcation with the saddle focus equilibrium. In §4 we show that the oscillatory dynamics can resemble a Rossler-like attractor and identify a trapping region in the map. Within this region the dynamics is well approximated by a one-dimensional unimodal map. This explains the nature of bifurcation diagrams presented in §5. Here we also add nonlinear terms to the system to illustrate how this type of BEB can be expected to behave in typical PWS systems. Finally §6 provides concluding remarks.
BEBs in three dimensions with two foci
The normal form for a BEB of a PWS continuous system in three dimensions can be written aṡ
Here X = (x, y, z) ∈ R 3 is the state variable and µ ∈ R is the parameter that governs the BEB which occurs at µ = 0. The switching manifold is the coordinate plane x = 0. The matrices C L and C R are companion matrices
where τ L , σ L , and δ L are the trace, second trace, and determinant of C L , and τ R , σ R , and δ R are the analogous quantities of C R . Throughout this Letter e 1 , e 2 and e 3 denote the standard basis vectors of R 3 . The form (2.1)-(2.2) was first derived in a control theory context and is also known as the observer canonical form [25, 26] . If δ L and δ R are nonzero, (2.1) has two potential equilibria
The point X L is an equilibrium of (2.1) if and only if e T 1 X L ≤ 0. In this case we say X L is admissible; otherwise it is virtual. Similarly X R is admissible if and only if e T 1 X R ≥ 0. At µ = 0 both equilibria lie at the origin (here they are admissible and on the switching manifold).
The eigenvalues of C L and C R determine the stability of X L and X R . For the remainder of this Letter we assume these eigenvalues to be
from which we see that X L is an admissible stable focus for µ < 0, and X R is an admissible saddle focus for µ > 0. With µ > 0, let us consider the stable and unstable manifolds of X R . Since (2.1) is PWL, in a neighbourhood of X R the parts of these manifolds that emanate from X R coincide with the stable and unstable subspaces of X R . These subspaces, which we denote by E s and E u and are illustrated in Fig. 2 , have directions given by the eigenvectors of C R . Specifically, the stable subspace E s is a line with direction 4) and the unstable subspace E u is a plane normal to
where w T and v are left and right eigenvectors of C R corresponding to the eigenvalue −γ R . Further away from X R the stable and unstable manifolds of X R curve due to crossings with the switching manifold x = 0.
A two-dimensional return map
Orbits of (2.1) graze the switching manifold (that is, intersect it tangentially) along the z-axis. The z-axis intersects the unstable subspace E u at
Therefore if an orbit on E u grazes the switching manifold, it does so at X int . We define the Poincaré section
This is a particularly useful cross-section of phase space because it contains the stable subspace E s and the important point X int .
A typical orbit that we would like to describe using a return map on Π is shown in Fig. 2 . This orbit evolves in the right half-space (x > 0) until it reaches the point X 1 . It then evolves in the left half-space (x < 0), intersecting Π at X 2 , until it reaches X 3 . Then it revolves around X R next intersecting Π near X int at X 7 (intersections with Π far from X int , corresponding to large values of x, are ignored).
Rather than using the induced Poincaré map (which provides X 7 as a function of X 2 ) it is easier to work with a return map involving virtual intersection points by using a discontinuity map. This concept was originally conceived by Nordmark [27] and is an invaluable tool for understanding grazing bifurcations of periodic orbits in PWS systems [28, 29] .
The idea is to use the flow of the right half-space to follow the orbit from its intersections with the switching manifold into the left half-space until it intersects Π. As indicated in Fig. 2 , by evolving the orbit under the right half-flow forwards from X 1 and X 6 we generate intersections with Π at X 0 and X 5 , and by evolving backwards from X 3 we generate an intersection at X 4 . We then define the return map P : Π → Π by P(X 0 ) = X 5 . Even though X 0 and X 5 are not points of the orbit (they are virtual intersection points), P captures the dynamics because it is conjugate to the Poincaré map.
We write
where X 5 = P global (X 4 ) describes one revolution about X R governed purely by the right half-flow, and X 4 = P disc (X 0 ) is the discontinuity map that corrects for the difference between the left and right half-flows. In cases for which the orbit intersects Π without entering the left half-space, P disc is taken to be the identity map. Since E s ⊂ Π, the evolution time of P global (i.e. the time taken to go from X 4 to X 5 ) is equal to 2π β R for any X 4 ∈ Π. Any X 4 ∈ Π can be expressed uniquely in terms of the values of c 1 and c 2 in (3.1). In terms of these (c 1 , c 2 )-coordinates, P global is given simply by
2)
The discontinuity map P disc is comprised of three steps:
Figure 2: A sketch of the phase space of (2.1)-(2.2) with (2.3) showing intersections (both real and virtual) of an orbit with the Poincaré section Π and the switching manifold x = 0. Dashed lines show virtual extensions of the orbit defined by evolving the right half-system of (2.1) in the left half-space. expression for the flow during each step is available because (2.1) is PWL. However, the evolution time of each step is given by the root of transcendental equation. For this reason a complete explicit expression for P disc is too complicated to provide here, but it can be evaluated numerically without the use of an ODE solver (this was done for the computations below). Note that since the intersection of Π with the switching manifold is not the grazing line (the z-axis), it is possible for X 2 to occur before X 1 or after X 3 . Fig. 3 shows the attractor of (2.1) with µ = 1 and
A Rossler-like attractor
This example was obtained by putting Carroll's circuit model [22] in the normal form (2.1) and adjusting the parameters so that they are all positive and the attractor appears to remain chaotic. Let us consider an orbit following the attractor. While in the right half-space, the orbit approaches E u but spirals away from X R . While in the left half-space, the orbit is pulled away from E u but brought closer to X R . The orbit thus repeatedly lifts away from and folds back onto E u in a manner similar to the Rossler attractor [30] . In view of the contraction towards E u , when the orbit intersects the switching manifold from the right half-space it does so at points relatively close to E u . Therefore, for this orbit, points in the domain of P (obtained by evolving the right half-flow until intersecting Π even if this involves Figure 3 : The Rossler-like attractor of (2.1) with (4.1) and µ = 1. More precisely, part of an orbit (with transients removed) is shown. The orbit was computed by iterating the return map P and using the exact solution to each piece of (2.1) to fill in the path of the orbit between intersections with Π and x = 0. entering the left half-space) are near E u . We write Π ∩ E u = {g(x) | x ∈ R}, where
which follows from the above formulas for Π and E u . Fig. 4 illustrates the action of P on a rectangle T for the same parameter values as Fig. 3 . The quantity y − e T 2 g(x) is plotted on the vertical axis. This is a measure of the distance from E u ; the horizontal axis thus represents Π ∩ E u . Notice P(T ) ⊂ interior(T ), thus T is a trapping region and contains the attracting set ∞ i=0 P i (T ). The vertical axis spans a relatively small range of values which is a consequence of the contraction to E u described above. As a further benefit of the contraction to E u , the one-dimensional map
captures the dynamics of P with reasonable accuracy. The map f evaluates P on Π ∩ E u and retains only the x-component. As shown in Fig. 5 , f map is differentiable and unimodal.
The fifth iterate f 5 is also shown in Fig. 5 . This has critical points near the 45
• -line indicating that the parameters (4.1) are near that of a saddle-node bifurcation of a period-5 solution. This observation helps us identify a Smale horseshoe on which non-wandering dynamics is characterised by a shift on two symbols [31, 32] . The image f 5 (I) of the interval I = [−0.0045, 0.0015] folds over I and extends beyond both end points of I, as illustrated in Fig. 5 . Consequently I can be fattened into a rectangle R ⊂ Π for which f 5 (R) overlays R as a horseshoe. We do not show such a horseshoe as it is difficult to clearly discern the topology of f 5 (R) because it is both curved and strongly contracted. A formal demonstration for the existence of a horseshoe, as done in [33] with σ L = σ R = 1, is beyond the scope of this Letter. It should be achievable via direct but finicky and lengthy calculations using exact expressions for P disc . 
Bifurcation diagrams
An increase in the value of γ L (which was fixed at 0.05 in the previous section) has a stabilising effect on the system. This is because −γ L is an eigenvalue of C L , so γ L represents the strength of attraction of an eigen-direction of the left half-flow.
Indeed with γ L = 0.35 (and all other values unchanged from (4.1)) there exists a stable periodic orbit. Decreasing γ L from 0.35 to 0.05 reveals a period-doubling cascade to chaos, Fig. 6 . The bifurcation diagram resembles that of the logistic map. This is because the dynamics is well approximated by the one-dimensional unimodal map f . Some windows of periodicity are visible; a period-5 windows exists near γ L = 0.05 as predicted above from the nature of f 5 . In general, as parameters are varied to move away from a BEB, the nonlinear terms that were omitted to produce the PWL approximation (2.1) have an increasingly greater influence. To illustrate this influence on the creation of the Rossler-like attractor of Fig. 3 , we simulate the system in the presence of an additional quadratic term: Fig. 7 shows the result of varying the value of µ. A period-5 window is visible; our numerical computations detected no stable periodic solutions for µ > 0 to the left of this window. It remains to determine if the periodic windows in Figs. 6 and 7 occur densely, like for the logistic map [34, 35] , or if chaos is robust over intervals of parameter values which has been demonstrated in unimodal maps [36] .
Discussion
This paper shows how stable equilibria can bifurcate to chaotic attractors in BEBs of PWS continuous systems. The BEBs are local, not the result of suddenly accessing a distant part of phase space. The analogous result for discrete-time systems has been known for some time [37, 38] . More recently Glendinning has shown that stable fixed points of PWS continuous maps can bifurcate to chaotic attractors of any positive integer dimension [39] . The dynamics described here is well-approximated by a one-dimensional unimodal map and the existence of a Smale horseshoe was illustrated with numerical simulations. A proof for the existence of a horseshoe seems attainable via direct calculations of the return map P because the differential equations are PWL. In contrast, chaos in Chua's circuit was demonstrated using Shilnikov's theorem [40] .
The phenomenon described here is perhaps best viewed as a one-parameter family of BEBs. For each value of γ L , the attractor created in the BEB at µ = 0 is indicated by Fig. 6 . As the value of µ is increased from 0 there are additional bifurcations, as shown in Fig. 7 for γ L = 0.05.
Both bifurcation diagrams show chaos with windows of periodicity. It remains to determine if these windows occur densely as this would establish whether or not the chaotic attractors are robust.
